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Abstract 

The moduli space of stable quotients introduced by Marian-Oprea-Pandharipande provides 
a natural compactification of the space of morphisms from nonsingular curves to a nonsingular 
variety. When the latter is a Grassmannian, the moduli space of stable quotients carries a 
canonical virtual class. We show that the analogue of Givental's J-function for the resulting 
twisted projective invariants is described by the same mirror hypergeometric series as the cor- 
responding Gromov-Witten invariants (which arise from the moduli space of stable maps), but 
without the mirror transform (in the Calabi-Yau case). This implies that the stable quotients 
and Gromov-Witten twisted invariants agree if there is enough "positivity" , but not in all cases. 
As a corollary of the proof, we show that certain twisted Hurwitz numbers arising in the stable 
quotients theory are also described by a fundamental object associated with this hypergeometric 
series. We thus completely answer some of the questions posed by Marian-Oprea-Pandharipande 
concerning their invariants. Our results suggest a deep connection between the stable quotients 
invariants of complete intersections and the geometry of the mirror families. 
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1 Introduction 



Gromov-Witten invariants of a smooth projective variety X are certain counts of curves in X 
that arise from integrating against the virtual class of the moduli space of stable maps. These 
are known to possess striking structures which are often completely unexpected from the classical 
point of view. For example, the genus Gromov-Witten invariants of a quintic threefold, i.e. a 
degree 5 hypersurface in P*^, are related by a so-called mirror formula to a certain hypergeometric 
series. This relation was explicitly predicted in pj and mathematically confirmed in [5] and [11] in 
the 1990s. In fact, the prediction of |2| has been shown to be a special case of mirror symmetry 
for certain twisted Gromov-Witten invariants of projective complete intersections of sufficiently 
small total multi-degree ( [6] , [10] ) ; these invariants are associated with direct sums of line bundles 
(positive and negative) over P". This relation is often described by assembling two-point Gromov- 
Witten invariants (but without constraints on the second marked point) into a generating function, 
known as Givental's J-function. In most cases (in particular, when the anticanonical class of the 
corresponding complete intersection is at least twice the hyperplane class), the J-function pre- 
cisely equals to the appropriate hypergeometric series. In certain borderline cases, they differ by 
a simple exponential factor. In the remaining Calabi-Yau cases, the correcting factors are more 
complicated and the two power series also differ by a change of the power series variable, known 
as the mirror transform. The situation for stable quotients invariants turns out to be much simpler. 

The moduli spaces of stable quotients, Qg .^{X,d), constructed in [13], provide an alternative to 
the moduli spaces of stable maps, ^g^rn[X,d), for compactifying spaces of degree d morphisms 
from genus g nonsingular curves with m marked points to a projective variety X (with a choice of 
polarization) The space „j(P"'^^, d) consists of equivalence classes of tuples 

(C,yi,...,y^,5cC"0Oc), 

where (C, yi, . . . , Hm) is a genus g nodal curve with m marked points and S C C^^Oc is a subsheaf 
of rank 1 and degree — d, that satisfy certain stability and torsion properties; see Section [2J This 
moduli space is smooth if g = Q or (y, m) = (l,0) and carries a virtual class in all cases. There is a 
natural surjective contraction morphism 

c: Tlg^m{X,d) — > Qg^^{X,d), 

which is not injective for d > and generally contracts a lot of boundary strata. For example, 
Qiq{¥'^~^ ,d) is irreducible and has Picard rank just 2; see [3l Theorem 4.1]. Thus, the moduli 
spaces of stable quotients are much more efficient compactifications than the moduli spaces of sta- 
ble maps. 

As in the case of stable maps, there are evaluation morphisms, 

evi:Q^,^(P"-\d) ^P"-\ i = l,2,...,m, 
corresponding to each marked pointH There is also a universal curve 

n:U^Qg^^{¥^-\d) 

^These "compactifications", ^{X,d) and OTg.m(^, d), are generally just compact spaces containing the spaces 
of morphisms; the latter need not be dense in Qg ^{X,d) and Dytg^m{X,d). 

^The morphism evi sends a tuple {C,yi, . . . ,ym, S) to the line Sx C C" if 5 is viewed as a line subbundle of the 
trivial rank n bundle over C. 
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with m sections cri, ■ ■ ■ ,(Tm (given by the marked points) and a universal rank 1 subsheaf 

S c C'^Ou . 

For each i = 1, 2, . . . , m, let 

be the first chern class of the universal cotangent line bundle as usual. By [13\ Theorems 2,3], the 
moduli space Qg „^{F^~^,d) carries a canonical virtual class and 

c4M,,^(P"-i,d)]^" = [Qg^^(F^-\d)Y'\ (1.1) 



Since the evaluation morphisms evj and the ^'-classes on the two moduli spaces commute with c and 
c*, respectively, (jl.ip implies that the (untwisted) Gromov-Witten and stable quotients invariants 
of P"~^, obtained by integrating pull-backs of cohomology classes on P"^i by evj and powers of 
'0-classes against the two virtual classes, are the same; see jl3i Theorem 3]. In this paper, we study 
twisted invariants in genus 0, arising from sums of line bundles over P"~^; they relate invariants of 
projective complete intersections to the invariants of ambient space. 

For / e Z-° and /-tuple a= (ai, . . . , a;) e (Z*)' of nonzero integers, let 

I I I 

|a|=^lafe|, (a) = afc / Ofc , a!=PJafc!, a'^=Jj4"'=', 

k=l afc>0 ' afc<0 afc>0 fc=l 

^±(a) = |{A;: (±l)afe>0}|, £(a) = ^+(a) - r (a). 
If in addition n G Z"^ and d G Z+ , let 

afc>0 afc<0 

where vr: U — >Qq 2(P"^^, d) is the universal curve; this sheaf is locally free. The euler class of the 
analogue of this sheaf in Gromov-Witten theory describes the genus invariants of the total space 
of the vector bundle 

0Op„-i(afc)| (1.3) 

ak<0 " 

where X(aj.)„^>o P"^^ is a nonsingular complete intersection of multi-degree {ak)au>o- The stable 
quotients analogue of Givental's J-function is given by 



Zn-A^, h,q) = 1 + y^g'^evi. 



eH^¥^-')[[h-\q]], (1.4) 



d=l L ^ 

where evi : Qq 2(^"'~"^) ^) — ^ is as before and x€-?/^(P"^^) denotes the hyperplane class. 



The hypergeometric series describing Givental's J-function in Gromov-Witten theory is given by 

a^d — afc(i— 1 

oo n U{akX + rh) n n {akx-rh) 
Y^,^ix,h,g)^^g'^J^^ ^ "'-<°^'=° €Q[x][[/.-\g]] . (1.5) 
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In the pure Calabi-Yau case, i.e. >0 for all k and |a| = ?7-, we also need the power series 

1, if |a| — |£^(a)| <n; 



In-Al) = ^n;a(0, 1,1 



oo n (cftrf)! 



EQ^^rn^, if la|-r(a)|=n. 
U=o 



By the following theorem, the stable quotients analogue of Givental's J-function is also described 
by the hyper geometric series (jl.Sp . but in a more straightforward way. 



Theorem 1. If I e n G Z+, and a G (Z*)' are such that [a[ < n, then the stable quotients 
analogue of Givental's J-function satisfies 

ZnA^,h,q) = ^^ii^i^lM e H*(F--')[[h-\q]]. (1.6) 

If |a|— ^~(a) < n — 2, this is the same identity as for Givental's J-function; see P| Theorem 9.1] 
for the ^~(a) = case and [4^, Theorem 5.1] for the ^~(a) > 1 case. Thus, the Gromov-Witten 
invariants and stable quotients invariants agree if |a|— ^^(a) <n— 2. If |a|=n— 1 and ^~(a) = 0, the 
Gromov-Witten analogue of (II. 6p is the relation 

see |l6i Theorem 10.7]. Finally, if jaj = n and ^^(a) < 1, the Gromov-Witten analogue of (jl.6p 
involves a mirror transform between the power series variable on the left-hand side (now denoted 
by Q) and the power series variable q on the right-hand side. It takes the form 

Zgf (x,/i,Q) = e-^faW^' ynAx,h q) ^ ^^^^^ q^^.^j^Ai)^ 

for a certain a power series Jn;a('z) S Q • Q[M]; see [6l Theorem 11.8] for the ^^(a) = case and [H 
Theorem 5.1] for the ^~(a) = 1 case. The same comparison applies to the equivariant version of 
TheoremlU Theorem[3]in SectionlU and its Gromov-Witten analogues, [HI Theorems 9.5,10.7,11.8] 
in the i~{a) = case and [4, Theorem 5.3] in the £~(a)>l case. 



As in the case of mirror symmetry for Gromov-Witten invariants, Theorem [T] follows immediately 
from its T"-equivariant version. Theorem [3] in Section SI The latter is proved using the Atiyah- 
Bott localization theorem [1] on Qo 2(^P'"~^) which reduces the equivariant version of the power 
series ()1.4p . the power series Zn-i^{x,h,q) defined by (j4.ip below, to a sum of rational functions 
over certain graphs. As in the case of Gromov-Witten invariants, ^„;a(x, h, q) is C-recursive in the 
sense of Definition 15.11 with the collection C of structure coefficients given by (j5.6p , and satisfies 
the self-polynomiality condition of Definition 15. 2t the same is the case of the equivariant version of 
the power series ()1.5p . the power series 3^n;a(x, h, q) defined by (j4.2p . Thus, the two power series 

3^„;a(x, h, q) , Z„;a(x, h, q) G //^ (P"-l) [[h^\q]] 

are determined by their mod (?i^^)^ part; see Proposition 15.31 It is straightforward to determine 
the mod (/i.~^)^-part of the power series y-n-a. The mod (/i~^)^-part of Givental's J-function in 



4 



Gromov-Witten theory is 1 in all cases for a simple geometric reason. This approach thus confirms 
the analogue of Theorem [1] in Gromov-Witten theory and thus mirror symmetry for the genus 
Gromov-Witten invariants of projective complete intersections. 

For stable quotients, the situation with the mod (^~^)^-part of Zn-^ is different. It is still 1, for 
dimensional reasons, if |a| <n — 2. If |a| = n — 1, the mod (?i~^)^-part of Zn-g, vanishes in the 
g-degrees 2 and higher; it is straightforward to see that the coefficient of mod (^~^)^ is al/h if 
£^(a) = and otherwise]! So, in these cases, the proof of mirror symmetry for Gromov-Witten 
invariants carries over to the stable quotients invariants. However, in the Calabi-Yau case, |a|=n, 
the mod (^~^)^-part of Zn-g, is not zero in all (^-degrees if ^~(a) < 1, and we see no a priori reason 
for the coefficients of positive g-degrees to vanish even if ^~(a) >2. Thus, the proof of mirror sym- 
metry for Gromov-Witten invariants cannot directly carry over to the stable quotients invariants 
in the Calabi-Yau cases. 

Since the coefficients of on the two sides of the identity in Theorem [3] are the same (both are 1), 
it is equivalent to the equality of the auxiliary coefficients, yi{d) and Zl{d), in the recursions ()5.4|) 
for yn-a and Zn-^, respectively. By a direct algebraic computation, the coefficients yi{d) are ex- 
pressible in terms of certain residues of 3^; see Lemma 15.41 Analyzing the relevant graphs, one can 
show that the coefficients Zl{d) are likewise expressible in terms of certain residues of Z, but in 
a different way; see Proposition 16.11 Thus, for each pair (n, a) with |a| <n, the identity in Theo- 
rem [3] is equivalent to certain identities for the residues of 3^n;a; see Lemma [8^ Since 3^n;a = ^n;a 
whenever |a| <n — 2, these identities hold whenever |a| <n — 2. On the other hand, the validity of 
these identities is independent of n, and so they thus hold for all pairs (n, a); see Proposition 18.31 
This yields Theorem [3] and thus Theorem [TJ 

The relations of Lemma 18.21 involve twisted Hurwitz numbers arising from certain moduli spaces 
of weighted stable curves A^o,2|d; see Section [2j These relations in turn uniquely determine the 
twisted Hurwitz numbers, even equivariantly, in terms of a key power series associated with 3^a;n; 
see Theorems [2] and m in Sections [2] and [H respectively. Based on developments in Gromov-Witten 
theory, one would expect these closed formulas to be a key ingredient in computing twisted genus 1 
stable quotients invariants and thus answering yet another question raised in ^13j . 

The proof that the equivariant version of Givental's J-function in Gromov-Witten theory satisfies 
the self-polynomiality condition of Definition 15.21 uses the localization theorem to compute inte- 
grals over the moduli space OKo,2(IP"'^ xlP" ""^j i^^d)). Our proof that the equivariant stable quotients 
analogue of Givental's J-function satisfies the self-polynomiality condition uses the moduli space 
of stable pairs of quotients Qq 2(IP^xlP"~\ (1, c?)) 

in a similar way; see Section [71 This moduli space 

is a special case of moduli space 

Q^,^(p-i-ix...xP---i,(di,...,dp)) 

of stable p-tuples of quotients, which we describe in Section [2] by extending the notion of stable 
quotients introduced in |13j . 

The Gromov-Witten analogues of Theorem [T] and its equivariant version. Theorem [3] in Section HJ 
extend to the so-called concavex bundles over products of projective spaces, i.e. vector bundles of 

^Even this is not necessary due to our approach to the Calabi-Yau case. 
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the form 

I 

Opni-l X...xP"p-l (flfc;l) • • • ) Ofc;p) > P X . . . X P , 

k=l 

where for each given fc = 1, 2, . . . , / either ak-i, ■ ■ ■ , au-p G Z-" or Ofc;!, . . . , a/c;p G Z^. The stable 
quotients analogue of these bundles are the sheaves 

I 

Si"""-''®. . .^S;"""'-' Qo,2 (P"'"' X . . . xP"^'-!, (di, . . . , dp)) (1.7) 

k=l 

with the same condition on ak-i, where Si — >IA is the universal subsheaf corresponding to the i-th 
factor; see Section [21 In this case, we compare two power series 

^ni,...,rip;a(a;i, . . . , Xp, h, Qi, . . . , Qp) £ Q[j;i, . . . , Xp] Qi, . . . , Qp] ] , (1.8) 

V,...,np;a(2;i, . . . , Xp, k, q,, ■ ■ ■ , Qp) £ H* (P^^-^ x . . . X V'"-^) [ [h-\qi, ...,qp]], (1.9) 

where xi,...,Xp G ff*(P"i~^ x ... x P"?'^-'^) are the pullbacks of the hyperplane classes by the 
projection maps. The coefficient of q'l' ■ ■ ■q'p' in (jl.Op is defined by the same pushforward as 
in (jl.4[) . with the degree d of the stable maps replaced by (di, . . . , dp). The coefficient of q^^ . . .qp^ 
in (|1.8p is obtained from the coefficients in (jl.Sp by replacing a^d and afcj; by ak-idi + . . . + ak-pdp 
and Uk-iXi + . . . + ak;pXp in the numerator and taking the product of the denominators with 
{n,x,d) = (ns,Xs,ds) for each s = 1, . . . ,p. In the condition |a| < n, |a| is still the sum of the 
absolute values of all a^.j, while n = ni + . . .+np. Our proof of Theorem [3] (and thus of Theorem [T|) 
extends directly to this situation; we will comment on the necessary modifications in each step of 
the proof. 

Mirror formulas for the two-pointed versions of (jl.4p and (|4.ip . i.e. with evi and {h — ipi) re- 
placed by evi xev2 and {hi—tpi){h2—')p2), as well as their generalizations to products of projective 
spaces, can now be readily obtained using the approaches of [l7j and [Hj in Gromov-Witten theory. 
They are related to the corresponding formulas in Gromov-Witten theory in the same ways as the 
one-pointed formulas; see the paragraph following Theorem [TJ Based on developments in Gromov- 
Witten theory, one would expect such two-pointed genus formulas to be useful for computing 
twisted genus 1 stable quotients invariants. 

A notable feature of the mirror formula of Theorem [1] and its two-point analogue is that they are 
invariant under replacing (n, (ai, . . . , a^)) by (n-|- 1, (ai, . . . , a^, 1)); their extensions to products 
of projective spaces have a similar featureO This suggests that whenever ^~(a) = the corre- 
sponding twisted invariants are in fact invariants of a nonsingular complete intersection XaCf"'~^ , 
viewed as a projective variety. Based on the situation in Gromov-Witten theory, one would ex- 
pect that these twisted invariants of P*^"^ equal to the (untwisted) invariants of obtained by 
integrating against the virtual class of the moduli space Qq 2i-^a, d) of stable quotients with values 
in X; see [131 Section 10.1]. However, it is not yet known if this moduli space carries a virtual class. 

We would like to thank R. Pandharipande for bringing moduli spaces of stable quotients and the 
problems addressed in this paper to our attention, as well as for helpful comments, A. Popa for 

''This replacement does not change the total space of the vector bundle p.3p 
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suggesting precise references for mirror theorems in Gromov-Witten theory and pointing out typos 
in the original version of this paper, and J. Kohar for useful discussions. The second author would 
also like to thank the School of Mathematics at IAS for its hospitality during the period when the 
results in this paper were obtained and the paper itself was completed. 

2 Moduli spaces of stable quotients 

We begin this section by extending the notion of stable quotients introduced in [13j to stable tuples 
of quotients. The key results of [13] readily generalize to moduli spaces of these objects. We then 
introduce related moduli spaces of weighted curves and give a partial description of intersections 
of natural classes on these spaces in Corollary 12. 5| this is used in the proof of Theorems [T] and [3] 
in Section [HI We conclude this section with a closed formula for twisted Hurwitz numbers arising 
from integrals over these moduli spaces of curves; see Theorem [2j 

By a nodal genus g curve, we will mean a reduced connected scheme C over C of pure dimension 1 
with at worst nodal singularities and h^{C,Oc) = 9- Let C* <ZC denote the nonsingular locus of 
such a curve. A quasi-stable genus g m-marked curve is a tuple (C,yi, . . . ,ym) consisting of a nodal 
genus g curve and distinct points yi^C* . A quasi-stable quotient of the trivial rank n sheaf on such 
a curve is a subsheaf S dC^^Oc such that the support of the torsion t{Q) of the corresponding 
quotient sheaf Q, 

0^5^ C"0Oc ^ Q ^ 0, 

is contained in C* — {yi, . . . , ym}- A tuple {Si, . . . , Sp) of quasi-stable quotients on (C, yi, . . . , ym) 
is stable if the Q-line bundle 

i^c{yi+. . ® (A*°P5i*)^ (^...® (A*°P5;)^ C 

is ample for all eSQ+; this implies that 2g — 2+m>{). An isomorphism 

4>- iC,yi,-..,ym,Si,...,Sp) — > {C',y[,...,y'^,S[,...,S'p) 
between tuples of quasi-stable quotients is an isomorphism (p: C — >C' such that 

ct>{yi)=yl Vi = l,...,m, 0* 5^ = 5,- C C"^ ^ Oc Vi = l,...,p. 
The automorphism group of any stable tuple of quotients is finite. 
Proposition 2.1. The moduli space 

Qs,m(G(ri, ni) X . . . xG(rp, Up), {di, . . . , dp)) (2.1) 
parameterizing the stable p-tuples of quotients 

{C,yi,...,ym,Si,...,Sp), (2.2) 

with h^{C,Oc) = g, Si C C^^i^iOc, rk(S'i) = rj, and deg(S'j) = —di, is a separated and proper 
Deligne-Mumford stack of finite type over C and carries a canonical two-term obstruction theory. 
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Proof. The construction of Qg j^{G{r,n),d) in [T3] carries through with minor changes. We sketch 
the modification here. 

I. Construction of the moduli space. Let g,m,di, ...,dp satisfy 

2g-2+m + e{di + ... + dp) > Ve>0. 
Let d = di + . . . + dp. Fix a stable p-tuple of quotients (C, yi, . . . , i/m, Si, ... , Sp), where 

O^Si ^C"»0Oc ^Qi ^0. (2.3) 
By assumption, the hne bundle 

A = ojc{yi+. . .+ym) ^ {A^'^Slc^. . .^A'^s;)' 

is ample for all e>0. Fix e = l/{d+l) and let / = 5{d+l). By \13\ Lemma 5], the line bundle C( 
is very ample and has no higher cohomology. Therefore, 

h°{C,C{) = 1 ~ g + 5{d+l){2g~2+m) + 5d 

is independent of the choice of the stable p-tuple of quotients. Let 

V = H^{C,£{y ■ 

The line bundle C{ induces an embedding t : C ^ ¥{V). Let Hilb denote the Hilbert scheme of 
curves in F{V) of genus g and degree 

5{d+l){2g-2+m) + 5d = degC[ . 

Each stable quotient gives rise to a point in 

n = Hilb X P(y)'", 

where the last factors record the locations of the markings yi, . . . , i/m- 

Points in Ti correspond to tuples (C, yi, . . . , ym)- Denote hy H' CV. the quasi-projective subscheme 
consisting of the tuples such that 

(i) the points yi, ■ ■ ■ ,ym are contained in C, 

(ii) the curve (C, yi, . . . , ym) is quasi-stable. 

Let vr: U' — >T-L' be the universal curve over Ti'. For i = l, . . . ,p, let 

Quot{ni-ri,di) — > U' , 
be the vr-relative Quot scheme parameterizing rank (ui — ri) degree di quotients 

on the fibers of vr. Denote by Q be the fiber product 

Q = Quot(ni — ri, di) x^/ . . . x-^/ Quot(np — rp, dp) — > %' 
and Q! dQ the locally closed subscheme consisting of the tuples such that 
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(iii) Qi is locally free at the nodes and markings of C, 

(iv) the restriction of Op(y)(l) to C agrees with the line bundle 

(^(2/1 + . . (A'-^5i*0. . .®A'^S;f. 

The action of PGL{V) on H extends to 7i' and Q' . A PGL(y)-orbit in Q' corresponds to a stable 
quotient up to isomorphism. By stability, each orbit has finite stabilizers. The moduli space (j2.ip 
is the stack quotient [Q7PGL(y)]. 

II. Separateness. We prove that the moduli stack (|2.ip is separated by the valuative criterion. Let 
(A,0) be a nonsingular pointed curve and = A — {0}. Take two flat families of quasi-stable 
pointed curves 

and two flat families of stable quotients 

0^S{ ^ C^^®Ox, Q{ 0, 

with J = 1,2 and i = l, . . . ,p. Assume the two families are isomorphic away from the central flber. 
The isomorphism in fact extends over because by |13[ Section 6.2], it extends to the families of 
curves — > A in a manner preserving the sections and hence extends to each pair of families of 
stable quotients. 



III. Properness. We prove the moduli stack (12. ip is proper, again by the valuative criterion. Let 

^O^^O^^O^ yi,...,y„:AO^A'0 
carry a flat family of stable p-tuples of quotients 

By [ 13^ Section 6.3], each stable quotient individually extends, possibly after base-change, and 
hence the p-tuple extends. 

IV. Obstruction Theory. We follow the argument in [13', Section 3.2]. Let (j): C — > Mg,m be the 
universal curve over the Artin stack of pointed curves and Q{r,n,d) — > Mg^m the relative Quot 
scheme of rank n — r degree d quotients of C^®Oc along the fibers of (j). Denote by 

Q'(r, n,d) C Q(r, n,d) 

the locus consisting of locally free subsheaves and by 

V-Q! = Q'(ri,ni,di) ^M,,^ ■ ■ ■ XMg,m Q'irp,np,dp) X^^„^ C > Mg,m 

the fiber product. The universal sequence of sheaves 
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over Q'{r,n,d) XMg,m^ gives rise to a universal sequence 

p p p 

1=1 1=1 i=l 

over Q' XMg,m^- Let vr: Q'x_yvi^^C — > Q' be the projection map. By [151 Prop 4.4.4] with 



/C = 05i, ?^ = 0C"'®Oc, and ^ = 0Q,, 

i=l i=l j=l 

the relative deformation-obstruction theory of z^: Q' — >M.g,m is given by 

p 

RHom-^{Si,Qi) © ... © RHom.„{Sp,Qp) = ^ RTr^Hom{Si,Qi); 



1=1 



the equality above holds because each Si is a locally free sheaf. By [121 Section 2], RTT^Hom{Si, Qi) 
can be resolved by a two-step complex of vector bundles. Thus, we conclude that 

Qg,rn{'^iri^^l)^--->^'^irp^^p)^(.di,...,dp)) > Mg^rn 

admits a two-term relative deformation-obstruction theory. Along with the smoothness of Adg^m, 
this induces an absolute two-term deformation-obstruction theory of the moduli space (j2.ip ; see 
[71 Appendix B]. □ 

Proposition 2.2. If g = or (g, m) = (1,0) and di, . . . , dp > 1, then the moduli space \2. 1\) is a 
nonsingular irreducible Deligne-Mumford stack of the expected dimension. 

Proof. By part IV in the proof of Proposition 12.11 the moduli space (12. ip is smooth at a point 
{C,yi,...,ym,Si,...,Sp) if 

p 

^Ext\S,,Qi) = 0. (2.4) 
1=1 

Since each Si is locally free, this is the case if 

H\S*0Qi) = O (2.5) 
for each i = l, . . . ,p. From the cohomology long exact sequence for the short exact sequence 

^ O ^ C"'(g)S* Qi(8)S* 0, 
we see that ([231) holds if H^{S*) = 0. 

If (7 = 0, C is a rational curve and thus there are no special line bundles on C that have a nonnegative 
degree on every component of C. If {g, m) = (1, 0), then C is either a nonsingular curve of genus 1 
or a cycle of rational curves; thus, there are no special line bundles of positive degree on C that 
have nonnegative degree on each component of C. In either case, we conclude that H^{S*) = Q for 
each i = l,. . . ,p and so (|2.4p holds. 



Thus, the moduli space ()2.ip is smooth at every point and hence is a nonsingular Deligne-Mumford 
stack of the expected dimension. It is irreducible because it contains a dense open subset isomorphic 
to an open subset of an irreducible bundle over the Deligne-Mumford moduli space of stable genus g 
marked curves Mg^rn+d\+...+dp- 
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A stable tuple as in (j2.2p such that each quotient sheaf Qi = C^^f^Oc / Si is torsion- free corresponds 
to a stable morphism 

C — > G(ri, ni) X ... X G(rp, Up) 

with marked points yi, . . . ,ym- As in the p = l case considered in \13\ Section 3.1], there are 
evaluation morphisms 

evi : Qg^m(G(ri,ni) X. . .xG{rp,np), {di,.. .,dp)) — > G(ri, ni) x . . . x G(rp, rip) 

with 1 = 1,2, .. . ,m. There is also a universal curve 

tt:U — > Qg„^{G{ri,ni)x . . .xG{rp,np),{di, . . . ,dp)) 

with m sections cji , . . . , am and universal rank r j subsheaves Si C C"* (8" • 

We will also need a certain moduli space of weighted curves; this is the stable quotients counterpart 
of the Deligne-Mumford moduli space of stable genus g marked curves in Gromov-Witten theory. A 
d-tuple of flecks on a quasi-stable m-marked curve {C,yi, . . . , ym) is a d-tuple (yi, . . . , yd) of points 
of C* — {yi, . . . ,ym}- Such a tuple is stable if the Q-line bundle 

<^c{yi + - ■ ■+ym + e{yi + . . .+yd)) — > C 
is ample for all eEQ"^; this again implies that 2g — 2+m>0. An isomorphism 

0: {C,yi,...,ym,yi,---,yd) — > {C ,y[, ■ ■ ■ ,y'ra,yi, ■ ■ ■ ,yd) 
between curves with m marked points and d flecks is an isomorphism (j) : C — > C such that 

4'{yi) = y'i Vi = i,...,m, (j){yj) = y'. \/j = i,...,d. 

The automorphism group of any stable curve with m marked points and d flecks is finite. 

Proposition 2.3. // g,m,d G Z-^, the moduli space Mg^m\d parameterizing the stable genus g 
curves with m marked points and d flecks, 

{C,yi, . . . ,ym,yi, ■ ■ ■ ,yd), (2.6) 
is a nonsingular, irreducible, proper Deligne-Mumford stack. 

Proof. The moduli space Mg^rn\d is the moduli space of weighted pointed stable curves, defined in 
[H Section 2], with m points of weight 1 and d points of weight 1/d (if (i>0). Thus, this proposition 
is a special case of [8, Theorem 2.1]. □ 

Any tuple as in (|2.6p induces a quasi-stable quotient 

Oc{-yi-...-yd) cOc = C'®Oc. 

For any ordered partition (i = (ii + . . . + (ip with di, . . .,dp£Z-^, this correspondence gives rise to a 
morphism 

Mg^m\d > Qg,m (^(1, 1) X ... X G(l, 1), (dl, . . . , dp)) . 
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In turn, this morphism induces an isomorphism 

<P ■■ Mg^m\d/^d, X...xSd,^ Qg,m (G(l, 1) X . . . X G(l, 1) , (di , . . . , dp)) , (2.7) 

with the symmetric group S^^ acting on M.g^m\d by permuting the points yi, . . . , y^^, acting on 
■^g,m\d by permuting the points Vd^+i, ydi+d2, etc. 

There is again a universal curve 

TT: U > Mg^rn\d 

with sections ai, . . . , am and a\,...,ad- Let 

= -Ti^iaf), = -TT^af) € H^Mg^m\d) (2-8) 
be the first chern classes of the universal cotangent line bundles. 
For any subset Jc {1, . . . ,d} with \ J\ > 2, denote by 

AjeH*(Mg^m\d) (2.9) 

the class of the "diagonal" 

{[C,yi,...,ym,yi,---,yd]- yji=yj2 Vii,j2G^}- 

Let H'{Mg m\d)'^H*{M.g m\d) be the subring generated by the classes V'ji V'j) •^Jj with all possible 
choices of i, j, and J. Denote by H*{^Ag m\d) the image of H* {A4g m\d) ™ i^' {'^g,m.\d))* under 
the Poincare pairing, 

/ : H*(Mg,m\d) {H'(Mg,m\d)y . 

By Poincare duality, H*{M.gm\d) = {H' [M.g^rn\d))* ■, which is not relevant for our purposes, and 
H*{Mg^rn\d) is a quotient of H*{Mg^rn\d)- 

We show in the proof of Proposition 18.31 that the euler classes of the bundles V^.^ defined in (j2.15p 
below are linear combinations of products of the diagonal classes A j and the fleck ■i/'-classes ipi and 
thus lie in H' {Mg^m\d)- We will need to integrate products of these euler classes against the usual 
V'-classes -01 • Thus, we need to understand only the images of these euler classes in H*[M.g^m\d)-: 
the dual of H' {Mg „i\d)- This is facilitated by Corollary 12.51 below. 

Lemma 2.4 ([T31 Section 4.5]). IfdGZ^ and oi, 02, 6i, . . . , 6^ G Z-*^, then 

f ^ai^aa^bi = f \ . 1^^ if 61, . . . , 6rf = V j; 

JMo,2\d^ ^ ^ \ai)a2/ |o, otherwise. 

Proof. If d> 1, there is a forgetful morphism 

f-Mo^2\d — >Mo^2\d-l, 
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dropping the fleck yd- For i = 1, 2, let Di C A^o,2|d denote the divisor whose generic element consists 
of two components, with one of them containing j/j and yd (and no other marked points). By (j2.8p . 



t/;i = rVi + A Vi = l,2, V'i = />i V j = l,...,(i-l. (2.11) 
Under the canonical identification of Di ^ -A/io,2|d-i ^ -^o,2|i with A^o,2|d-i) 

i^S-ilD, = 1p3-i, i^j\D,=1pj V j = l,...,d-l. 

If the left-hand side of (|2.10p is not zero, the sum of the exponents is d—1. Thus, by symmetry, 
we can assume that bd = 0. By (12. lip and (I2.12j) . 



'.\d J Mo_2\d-l J Mo_2\d-l 



d ■ 



'Mo,2\d 

This implies (j2.10p by induction on d (if d=l, A1o,2|d is a single point). □ 

If J, J' C {1, . . . ,d}, |J|,|J'|>2, and [JnJ'| = 0, 1, the "diagonals" Aj and Aj/ intersect transver- 
sally; in particular, Aj • Aji = Ajyj/ if |JnJ'| = 1. Corollary 12.51 below partly describes this 
intersection in other cases as well. 

Corollary 2.5. LetdeZ+. 

(1) For allJ, J' C{1,... ,d} with |J|,|J'|>2, 

J n JV =^ Aj-Aj, = 5|jnj'i,iAjuj' G H(Mo,2\d)- 

(2) For aUj = l,. ..,d,^P,=Oe H(Mo,2\d)- 

Proof. We prove both statements by simultaneous induction on d. If d=l, A^o.2|d is a single point, 
and there is nothing to prove. Suppose d>2 and the two statements hold with d replaced by any 
d'<d-l. If Jc{l,...,d} with 1J1>2, 

A,/~ATo,2|(d-|j[+i); (2.13) 
such an isomorphism is determined by a surjection 

7j:{l,...,d}^{l,...,d-\J\ + l} s.t. ?7(ji) = ??(J2) Vji,j2eJ. 
Under the isomorphism (j2.13p . V'«|Aj = for i = l,2. 



ifJ'nJ = i 

~^!kj)"^'~^^^(-^uJ')' otherwise. 



Thus, for every subset J' C {1, . . . , d} such that | Jfl J'| > 2 and every class Cl G H'{A4o^2\d) there 
exists Q, j^ji G-fr'(A1o,2|(d-|j|+i)) such that 

_ AjAj>n= I {^j'^)\^j= l_ iPrjiJ)^J,J' = 0; 
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the last equality holds by the inductive assumption that (2) is satisfied with d replaced by d— | J|+l. 
This confirms the first claim for the given choice of d. Similarly, if j = 1, . . . , d and G -f^'(-^o,2|d)) 
there exists & H' {^AQ^2\{d-\J\+l)) such that 

/ V^.Ajr?^ / {h^)\^^= I i^^^j^Qjj = 0; (2.14) 

•'J^0,2\d •'^J -'•'^0,2|(d-| J| + l) 

the last equality holds by the inductive assumption that (2) is satisfied with d replaced by d— | J|+l. 
Finally, 



'Mo,2\d 

by Lemma |2.4[ Along with (|2.14p . this confirms the second claim for the given choice of d. □ 

Our proof of Theorems [1] and [3] immediately leads to a closed formula for certain twisted equiv- 
ariant Hurwitz numbers stated in Theorem [J] stated in Section [H We conclude this section with a 
non-equivariant version of this formula. 

Let x€i^^(P°°) denote the hyperplane class. For any (i€Z+, let 

S*{x) =7r;ooOpco(l) (g)7r^5* ^ P°° xiY ^ P~ x A7o,2|d, 
where vrpoo, tt^^ : xU — > F°°,l/{ are the two projections. In particular, 

e{S*{x)) =xxl + lxe{S*) G H*{¥'^xU) = Q[x]®H*{U). 
Similarly to ([L2l), let 



KA^) = ® R'MS*{xrH-^i)) Mo,2\d, (2.15) 

afc>0 ak<Q 

where vr: U — ^A^o,2|d is the projection as before; this sheaf is locally freeH We define power series 
L^,Ueq[x][[q]] by 

La G X + 5Q[x][[g]], La{x,q) - qaJ^L^{x,q)\'^\ = x, 

e gQN[[g]], x + q^U{x,q) = L^{x,q). 

Theorem 2. IfleZ^^ andae{Z*y, then 

Proof. This is obtained from Theorem [J] by setting n=l, i = l, and x = ai. □ 



^Note that the analogous push-down bundle (|1.2p over Qg 2(1°" ^:d) is denoted by V^'l' to emphasize its depen- 
dence on n and highlight the distinction from the bundle V^.^ix) over Mo,2\d- 
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In the case Z = 0, the left-hand side of the expression in Theorem [2] reduces to 

^ai+a2 + l r 

(ai + a2 + lj! JA^o,2|ai+a2 + l 



a\ ,a2>0 



the first equality above liolds by Lemma 12.41 Since iai{x,q) = g in tliis case, tliis agrees with 
Theorem [2j 

3 Equivariant cohomology 

In this section, we review the notion of equivariant cohomology and set up related notation that 
will be used throughout the rest of the paper. For the most part, our notation agrees with [9l 
Chapters 29,30]; the main difference is that we work with instead of P". 

For any nGZ^", let 

We denote by T the n-torus (C*)". It acts freely on ET = (C°°)"-0: 

• {zi,...,Zn) = {hZi,. . . ,tnZn)- 

Thus, the classifying space for T and its group cohomology are given by 

= OT/T = (P°°)" and = H* {BT;Q) = Q[ai, . . . , On], 

where ai = 7r*ci(7*) if 

vr, : (P~)" — > P°° and 7 — > F°° 
are the projection onto the i-th component and the tautological line bundle, respectively. Let 

the field of fractions of Hj. 

A representation p of T, i.e. a linear action of T on C*', induces a vector bundle over BT: 

Vp = ET xj&. 



If p is one-dimensional, we will call 

ci{V;) = -ciiVp) £ Hi c Qa 
the weight of p. For example, is the weight of the representation 

TTjlT ^C*, {ti, . . . ,tn) ■ Z = tiZ. (3.1) 
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More generally, if a representation /9 of T on C'^ splits into one-dimensional representations with 
weights . . . , we will call /3i, . . . , /3fc the weights of p. In such a case, 

e(y;) = /3i-...-A. (3.2) 

We will call the representation /9 of T on C" with weights ai, . . . , a„ the standard representation of T. 

If T acts on a topological space M, let 

H^{M) = H*{BM ;([}), where BM = ETxtM, 

denote the corresponding equivariant cohomology of M. The projection map BM — > BT induces 
an action of on H^{M). Let 

-HUM) = h;{m) n\. 

If the T-action on M lifts to an action on a (complex) vector bundle V — >M, then 

BV = ETxfV 

is a vector bundle over BM. Let 

e{V) = e{BV) G i/|(M) C n*j{M) 
denote the equivariant euler class of V. 

Throughout the paper we work with the standard action of T on P"~^, i.e. the action induced by 
the standard action p of T on C": 



(*!,•••, in) • [zi,---,Zn] = [hzi, . . . ,tnZn] ■ 



Since BP"-i = ¥Vp, 



(3.3) 



J/|(P"-i) = H* {¥Vp; Q) = Q[x, ai, . . . , a„]/(x"+ci(Fp)x"-i + . . .+c,(Fp)) , 
where x = ci(7*) and 7 — >^Vp is the tautological line bundle. Since 

ciVp) = (1 - ai) . . . (1 - an), 

it follows that 

i/|(P"-i) = Q[x, ai, . . . , a„]/(x-ai) . . . (x-a„), 
nU^''-') = Qa[x]/(x-ai) . . . (x-a„). 

The standard action of T on P'*-! has n fixed points: 

Pi = [l,0,...,0], P2 = [0,1,0,. ..,0], ... P„ = [0,...,0,1]. 
For each i = 1, 2, . . . , ra, let 

= Hi^-at) € Hi{¥^-'). (3.4) 
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By equation (|3.9p below, c^i is the equivariant Poincare dual of Pi. We also note that ^{sPi = ^1^-: 
where tTj is as in ()3.ip . Thus, the restriction map on the equivariant cohomology induced by the 
inclusion Pi — )-P"~-^ is given by 

k=n 

iI^(P"-i) = Q[x,ai,...,a„]/[](x-Qfc) = Q[Qi,...,a„], x ^ a,. 

k=l 

In particular, if T'G F|(P"-^), then 

^ = 0G/7|(P"-i) ^ J-(x = a,)=-^|p. = OGQ[Qi,...,a„]cQ, Vie[n]. (3.5) 



The tautological line bundle 7n-i — ^-P" is a subbundle of P" x C" preserved by the diagonal 
action of T. Thus, the action of T on P"-~i naturally lifts to an action on 7^-1 and 

e(7n-i)|p^ = V i = 1,2, . . . ,n. (3.6) 

The T-action on P"-~i also has a natural lift to the vector bundle TW""^"^ — )-P"^-^ so that there is 
a short exact sequence 

7:-i ^ 7n-i l*n^i ^ (P"-^ xC") Tr'-^ 
of T-equivariant vector bundles on P"^^. By (|3.2p . (|3.6p . and (|3.4p . 

e(rP"-i)|^^ = J](ai-afc) = 0,|p, V i = 1, 2, . . . , n. (3.7) 



If T acts smoothly on a smooth compact oriented manifold M, there is a well-defined integration- 
along-the-fiber homomorphism 

Jm 

for the fiber bundle BM — >BT. The classical localization theorem of [l] relates it to integration 
along the fixed locus of the T-action. The latter is a union of smooth compact orientable mani- 
folds F; T acts on the normal bundle J\fF of each F. Once an orientation of F is chosen, there is 
a well-defined integration-along-the-fiber homomorphism 



/ : Hj{F) — > Hj. 
Jf 



The localization theorem states that 



M p JF 



r] = yZ I e V r? G i7|(M), (3.8) 



where the sum is taken over all components F of the fixed locus of T. Part of the statement of (j3.8p 
is that e{J\fF) is invertible in T-LjlF). In the case of the standard action of T on P"^^, (j3.8p implies 
that 

[ #iGQ„ Vr/G?^i(P"-i), i = l,2,...,n; (3.9) 



V\Pi 
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see also (|3.7p . 

Finally, if / : M — > M' is a T-equivariant map between two compact oriented manifolds, there is 
a well-defined pushforward homomorphism 

f,: h:^{M) ^ h:^{M'). 
It is characterized by the property that 

/ {f*v)v'=[ virv') yv^mM),v'^mM'). (3.10) 

Jm' Jm 

The homomorphism of the previous paragraph corresponds to M' being a point. It is immediate 
from ([31^ that 

Mvirv')) = (.f*v)v' yv^m{M),v'^m{M'). (3.11) 

4 Equivariant mirror theorem 

In this section, we state an equivariant version of Theorems [H Theorem [3l which immediately im- 
plies Theorems [TJ It is proved in the rest of this paper, as outlined in Section [T] after the statement 
of Theorem [TJ We then formulate an equivariant version of Theorem [2l Theorem HI providing 
a closed formula for equivariant Hurwitz numbers. This theorem immediately implies Theorem [2] 
and is obtained in Section [8] by combining Proposition 18.31 in this paper with some results from [18] . 

The standard T-representation on C" (as well as any other representation) induces a T-action on 
the trivial rank n sheaf over any quasi-stable curve (C, yi, . . . , ym), 

T.C^^Oc ^C"»Oc, (tl,...,in)-(/l,...,/n) = (tl/l,...,i„/n), 

and thus on the subsheaves of this sheaf. This action preserves the rank and degree of the sheaf 
and the torsion and the stability properties of Section [2] and thus induces a T-action on the moduli 
space Qg„^{G{r,n),d), with respect to which the evaluation maps 

evi : Qg^„(G(r, n), d) — > G(r, n), z = 1, 2, . . . , m, 

are T-equivariant. This action lifts to a T-action on the universal subsheaf S — > lA and thus 
to T-actions on the locally free sheaves 

This gives rise to T-equivariant cohomology classes, 

G /^^(Q3,„(P"-^a^)), e(vg) € H*j{Q,^^{¥^-\d)). 
The stable quotients analogue of the equivariant version of Givental's J-function is given by 

oo 

2:„;a(x, h,q) = l + y^g°'evu 

d=l 



h-ipi 



(4.1) 
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where evi : Qq 2(1"" ^,d) — > P"" ^ is as before. The equivariant analogue of the power series (jl.Sp 
is given by 

n Uiak^+rh) n n (ak^-rh) 
yn-A^, h,q)^Yl g'^^^^^:zL__^ifiZz5 G Q[«i, . . . , X] [ [h-\ q] ] . (4.2) 

r=lk=l 

Theorem 3. If I £ Z-^, n € Z"*", and a G (Z*)' are such that |a| < n, then the equivariant stable 
quotients analogue of GiventaVs J -function satisfies 

2nA^,h,q) = ^7^^;^;^^ G i7|(P"-i)[[n-\g]]. (4.3) 

Restricting to a fiber of the projection 

5IP"-i = OTxtP""^ — ^ P""\ 

we send x to x and Oj to 0; this gives Theorem [TJ The relation of Theorem [3] to its Gromov-Witten 
analogue is the same as the relation of Theorem [1] to its Gromov-Witten analogue; see the para- 
graph following the statement of Theorem [1] in Section [TJ In particular, the twisted equivariant 
stable quotients invariants of P"-~^ determined by a tuple a are the same as the corresponding 
Gromov-Witten invariants if |a|— ^~(a) <n — 2, but not if |a| — ^~(a) = n — 1, n. 

We prove Theorem [3] through a two-pronged approach. We show that the power series 3^n;a and 
Zn-SL are ^-recursive in the sense of Definition 15.11 with the collection C given by (15. 6p and sat- 
isfy the self-polynomiality condition of Definition 15. 2t see Lemma [5. 41 and Propositions 16. ll and 17. ll 
Proposition 15. 31 then implies that these power series are determined by their mod /i~^-parts, i.e. the 
coefficients of h^ and h~^ in this case. It is straightforward to determine the mod h~'^-pavt of 3^n;a 
in all cases (3^n;a is given by an explicit algebraic expression) and the mod /i~^-part of Zn-^ if 
|a|<n — 2, thus establishing Theorem [3] whenever |a|<n — 2; see Corollary 18. li 

In order to establish Theorem [3] in all cases, we show that the secondary coefficients yiid) and 
Zl{d) (instead of Tl{d)) in the recursions (j5.4p for 3^„;a and Zn-g, are the same. By induction on d, 
this implies that the coefficients of q'^ on the two sides of (14. 3p are the same because this is the 
case for d = (when both coefficients are 1). As part of the proof of C-recursivity for 3^n;a, we 
show that yi{d) is determined by the expansion of yn;a{oti,h,q) around /i = 0; see Lemma As 
part of the proof of C-recursivity for ^n;ai we show that Zl{d) is also determined by the expansion 
of Zn-a{oti,h,q) around /i = 0; see Proposition 16.11 In contrast to 3^f(d), Zl{d) is determined by 
lower-degree coefficients of Zn-^ or equivalently by Zj{d') with d' <d; this relation thus completely 
determines Zn-a (assuming C-recursivity) . It follows that ()4.3p holds if and only if the coefficients 
y^id) for 3^n;a Satisfy the same relation; see Lemma 18.21 The coefficients in this relation involve 
twisted Hurwitz numbers over the moduli spaces M.o,2\d- These are not easy to compute, but using 
Corollary 12.51 they can be described qualitatively in way independent of n. This implies that the 
validity of the desired recursion for the secondary coefficients y^id) for 3^n;a is independent of n. 
Since this recursion is equivalent to (j4.3p whenever |a| <n and (j4.3p holds whenever |a| <?7- — 2 (by 
Corollarv 18. ip . it follows that the recursion holds in all cases (see Proposition 18. 3p and (|4.3p holds 



19 



whenever |a|<?i, as claimed. 

As stated in Section[Tl Theorem[3]extends to products of projective spaces and concavex sheaves (|1.7p . 
The relevant torus action is then the product of the actions on the components described in Sec- 
tion El If its weights are denoted by Oi-j, with i = l,. . . ,p and j = l, . . . ,nj, then 

3^ni ,...,nj,;a(xi , . . . , Xp, /l, gi , . . . , ^p) G Q[ai;l , . . . , Up-rip , Xi , . . . , Xp] [ (^i , . . . , ^p] ] , (4.4) 

^ni,...,n,;a(xi, . . . ,^p, k, qi, . . . , Qp) G H^{F^'-^ X . . . xF"^'-!) [[h-\qi, ...,qp]], (4.5) 

and xi, . . . ,Xp € ]-[*(f>ni-i x . . . x P"-?^^) correspond to the pullbacks of the equivariant hyper- 
plane classes by the projection maps. The coefficient of qi'-.-qp" in ^ is defined by the same 
pushforward as in (|4.ip . with the degree d of the stable maps replaced by (di,. . . ,dp). The co- 
efficient of gf^. . .qp" in ()4.4p is obtained from the coefficients in ()4.2p by replacing akd and a^x 
by ak-idi + . . . + ak-pdp and ak-i-Ki + . . . + ak-pX.p in the numerator and taking the product of the 
denominators with (n, x, d) = (n^, Xg, ds) for each s = 1, . . . ,p; in the s-th factor, is also replaced 
by as-k- Our proof of Theorem [3] extends directly to this situation. 

We conclude this section with an equivariant version of Theorem [21 For any (i€Z+ and (3 G Hj, 
denote by 

S*(f])^U^Mo,2\d (4.6) 
the universal sheaf with the T-action so that 

e(5*(/3)) = /3xl + lxe(5*) G H^{U) = H:^^H*{U). 

Similarly to ([L2|), let 



VL;M = R\.{S*{(3rH-^i)) © R'MS*WrH-^i)) Mo,2id, (4.7) 

ai.>0 afe<0 

where tt: U — >-M.o,2\d is the projection as before; this sheaf is locally free. We define power series 

i^n;a,en;a eQ[x][[g]] by 

n n 
^n;a G X-hg(Qa[x] [[?]], JJ(^n;a(x, ^) - Ofc) - ga'^L„;a(x, g) 1*^1 = JJ(x-afe), 

k=l k=l 

Cn;a G gQQ[x][[g]], X + q-^(,n-a{x, q) = L„;a(x,g). 

Theorem 4. Ifl£Z^^, nGZ+, andae{Z*y, then 

e(V:,(a.)) 



l + (^i + ^2)E|r L ne(V- (a 



oik)) {h-i^i){h2-i'2) 

kj^i 

for every i = l, . . . ,n. 
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5 Algebraic observations 

In this section we describe a number of properties of power series such as ^„;a and Zn-^ that de- 
termine them uniquely. We also show that yn-a indeed satisfies these properties. 

If is a ring, denote by 

= R[[h-^]] + R[h] 

the i?-algebra of Laurent series in (with finite principal part). If /£-R[[q']], and deZ-^, let 
lf}q;d^R denote the coefficient of q'^ in /. If 



OO ^ OO \ 



for some J^^ &R, we define 



OO . 1 V 

HK(l)=Y.{ Y.^d^^'''y (mod/i-f), 



d=Q ^r=-Nd 

i.e. we drop hT^ and higher powers of TT^, instead of higher powers of h. If i? is a field, let 

R{h) ^ R^K^ 

be the embedding given by taking the Laurent series of rational functions at = 0. 

If f = f{z) is a rational function in z and possibly some other variables, for any zoEP^dC let 

d\ f{z)^^ <f fiz)dz, (5.1) 

z=zo ZttX J 

where the integral is taken over a positively oriented loop around z = zq with no other singular 
points of fdz, denote the residue of the 1-form fdz. If zi, . . . , gP^ is any collection of points, let 

i=k 

J\ /(z)^^ ^/(z). (5.2) 

2=21,. ..,2fc Z=Zi 
1=1 

By the Residue Theorem on 5"^, 

for every rational function / = /(x) on D C. If / is regular at 2; = 0, let [[/l^.p denote the 
coefficient of z^ in the power series expansion of / around z = Q. 

Definition 5.1. Let C = {C!l {d))d^ij^z+ be any collection of elements of Qa- A power series 
.FGi?|(P'*-^)[[;i"|l[[g]] is C-recursive if the following holds: if o?*gZ^° is such that 

[J^(x = a,,n,g)]^.^,_^ G Qa{h) C yde[d*], ie[n], 

and [j^(Q;i, ^, g)] ^.^ is regular at h={ai—aj)/d for all d<d* and i^j, then 

[J^(a,,n,g)]^^,. ^ ^{ffj^^ {Hc^i.z,q)\.^^,J^^.,-., GQ.[n,^-^] (5-3) 

d=l j^i d 
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Thus, if 7'Gifj(P" is C-recursive, for any collection C, then 

T{^ = a,,h,q)eQa{h)[[q]] cQ«P|[[g]] Vie[n], 
as can be seen by induction on d, and 

Tia,,h,q) = Y^ ^ J^idWqd + Y^Y,T-j^aJ^n^vi^J-^^)/d,q) ViGN, (5.4) 

d=Or=-Na d=l d 

for some J~[{d) sQa- The nominal issue with defining C-recursivity by (j5.4p . as is normally done, 
is that a priori the evaluation of T{aj,h,q) at h = {aj — ai)/d need not be well-defined, since 
J'{aj, h, q) is a power series in q with coefficients in the Laurent series in h~^] a priori they may not 
converge anywhere. However, taking the coefficient of each power of q in ()5.4p shows by induction 
on the degree d that this evaluation does make sense; this is the substance of Definition 15.11 

Definition 5.2. For any J=' = T{x,h,q) G H^{¥''-'^)Wh'W[[q]], let 

n I \ 1(a) Qi^z 

^r{n^z,q) ^ n^' - \ -^(«i>^^ge^")-^(«^.-^.g) e Qara[[^,g]]- (5.5) 

A power series -FGif|.(P"~-^)[[fi]l[[z,g]] satisfies the self-polynomiality condition if ^jr G Qq,[/i][[2;, g]]. 

Proposition 5.3 ([H Lemma 30.3.2]). LetT,P G i?|(P""^)p]l[[g]]. //J" and J"' are C-recursive, 
for some collection C = iC^{d))^^ij^^+ of elements o/Qq, satisfy the self-polynomiality condition, 
and 

T{x = ai,h,q), T'{x = ai,h,q) e q*^ + q ■ Qamiio]] CQ«p|[[g]] ViG[n], 
t/ien T = J-' (mod /i~^) i/ anc? onZy if F = T' . 

Let 

n nK«.+^^) n n u«.-r^ 

^id) = ^^^^^^^^^^ e • (5.6) 



n n [ai-Uk + r 

r=l k=l ^ 

Lemma 5.4. 7f /gZ-", nGZ^, and aG(Z*)' are such that |a|<n, the power series 3^n;a(x, ?i, (7) 
is (t-recursive, with the auxiliary coefficients in the recursion JJ.-^D for 3^n;a given by 



Y.y^^d)q''-- 
(1=0 

Furthermore, 3^ra;a(x, h, q) satisfies the self-polynomiality condition. 



Q^{h-'~^yn;.iai,h,q)}, ifr<0; 

In-Aq), ^fr = 0; (5-7) 

0, ifr>0. 
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Proof. This is well-known from the various proofs of mirror symmetry for Gromov-Witten in- 
variants (e.g. |6l Section 11], [9l Chapter 30], [31 Section 4]); we include a proof for the sake of 
completeness. 

We first view 3^„;a as an element of Qa(x, ?i)[[g]]. Since 



d)q'^ f 1 1 



by the Residue Theorem on 5^ 



d=l j^i 

On the other hand, 
1 



1 



^ 1 

=ri,o,oo I n— z 



>'n;a(ai,^;,Q') 



0,00 I h — z" 



(5.8) 



9^ 

2 = 00 



>'n;a(ai,^;,g) ^ = -^n;a(g), 



,^0| ^T:^I^";a(ai,^,g)l5;d 



ajjii — afed— 1 

n l\iakai+rz) J] 11 (afca — rz) 

1 afc>Or=l afe<0 r=0 



h—z 



d! n n {oli-ak+rz) 

r=l ky^i 



z;d—l 



the last expression is a polynomial in h ^ with coefficients in of degree at most d. This estab- 
lishes that a is ^-recursive and (15. 7p holds. 



We now view 3^n;a as an element of Qq,[x][[?i ^,q\]; in particular, 

n (x-ttfc) 

k=l 

viewed as a function of x has residues only at x = aj with [n] and x = oo. By 

(a)x^(^)e''^ 



n (ai-ak) 



yn;a{ai,h,qe'^'')yn-a{ai,-h,q) = 9^ < 



n (x-afc) 

A:=l 



Thus, by the Residue Theorem on 5^, 



^yn:Mz,q)=- ^ { 

x=0,oo 



n (x-afc) 
fc=i 



3^„;a(x,n, ge'^^)3^„;a(x, -/l. 



-9^0 — 5^oo • 
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Since the coefficients of positive powers of q in 3^n;a are divisible by ^'^^ , 



fHo = (a) 



n (x-afc) 

k=l 



x;-^(a)-l 



On the other hand, 



oo oo 



^n-l-^(a)+p+{n~|a|){di+d2) 

(n-l-^(a) +P+ (n-|al)(di + d2))! 



dl+d2„Miz 
7 e 



di,d2=0 p=0 

ai.>0 r — 1 afc<0 r=0 aii;>Or=l afc<0 r=0 



?i di n d2 n 

n (l-afc^^) • n n {l-{ak-rh)w) n • n {l-{ak+rh)w) 

k=l r=l k=l r=l k=l 



The (di, (i2)P)-summand above is times an element of Qa[^][[^;]]- 



□ 



In the case of products of projective spaces and concavex sheaves (|1.7p . Definition 15.11 becomes 
inductive on the total degree di + ... + dp of qf^ . . .qp^ . The power series T is evaluated at 
(xi, . . . , Xp) = (ai;jj , . . . , Op;ip) for the purposes of the C-recursivity condition ()5.3p and ()5.4p and 
the primary structure coefficients are of the form 



ai-.„d 



n n E o-k-.tat-it + ' 

afc.i>0 r=l \t=\ 



-ak-sd-l / p 

n n E ak;tatY. 

afc.i<0 r=0 \t=l 



r=lfc=l ^ 



with s G [p] and j^is- The double sums in these equations are then replaced by triple sums over 
sG [p], j€ [ns]—is, and dGZ~^, and with T evaluated at 



as-j, ift = s; 



The secondary coefficients (d) in (|5.4p now become J-J^ ^^{di, . . . , dp), with ig G [n^] and dg G Z-*^. 
In the analogue of Definition 15. 2( <I>jr is a power series in zi, Zp and qi, . . . ,qp, the sum taken 
is over all elements (ii, . . . , ip) of [ni] x . . . x [np], the leading fraction is replaced by 

p 

afc.i>Os=l gai;,-^2i + ...+ap;,p2p 



P P 

n E n U icts;is-as;k) 

ak;l<0 s=l s = lk^ia 



and the ge -insertion in the first power series is replaced by the insertions qie , . . . ,qpe ''. The 
conclusion of Lemma l5.4l holds with i, d, and q^ replaced by {ii, . . . ,ip), {di, . . . ,dp), and qf^ . . .qp'', 
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respectively. The proof is nearly identical, except the last claim involves p applications of the 
Residue Theorem on S'^. Instead of the residue at x = of the coefficient of , there may be a 
residue at a value of dependent on the values of the other variables xj, but it again would not 
involve h. 



6 Recursivity for stable quotients 

In this section, we use the classical localization theorem [T| to show that the equivariant stable 
quotients analogue of Givental's J-function, the power series Z„;a given by (I4.ip . is (^-recursive 
with the collection given by (|5.6p . We also describe the secondary terms Zl{d) in the 

recursion (j5.4p for ^n;ai establishing the following statement. 

Proposition 6.1. Ifl^Tj-^, nGZ^", anda€(Z*)', the power series 2„-a(x, /i, g) is ^-recursive, 
with the auxiliary coefficients in the recursion |5.^[ j for Zn-g, given by 



Z:{d) = VreZ+, Zf{d) = 6oci, 

and for all r E Z~ 

The proof involves a localization computation on Qq 2(IP"~^, d)- Thus, we need to describe the 
fixed loci of the T-action on Qq 2(P"'~^, d), their normal bundles, and the restrictions of the rele- 
vant cohomology classes to these fixed loci. 

As in the case of stable maps described in [9^, Section 27.3], the fixed loci of the T-action on 
Qo,m(P"~^) ^) 3-^6 indexed by decorated graphs that have no loops. However, in the case m = 2, 
the relevant graphs consist of a single strand (possibly consisting of a single vertex) with the two 
marked points attached at the opposite ends of the strand. Such a graph can be described by an 
ordered set (Ver, <) of vertices, where < is a strict order on the finite set Ver. Given such a strand, 
denote by Vmm and ?;max its minimal and maximal elements and by Edg its set of edges, i.e. of pairs 
of consecutive elements. A decorated strand is a tuple 

r= (Ver,<;^,t)), (6.1) 

where (Ver, <) is a strand as above and 

: Ver — > [n] and t) : VerUEdg — > Z-° 

are maps such that 

H{vi) ^ fiiv2) if {^1,^2} G Edg, c)(e) ^ VeGEdg. (6.2) 

In Figure [11 the vertices of a decorated strand F are indicated by dots in the increasing order, with 
respect to <, from left to right. The values of the map (/i, f) on some of the vertices are indicated 
next to those vertices. Similarly, the values of the map t) on some of the edges are indicated next 
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12 1 2 1 2 




(i,0) (j,0) (*,0) (j,2) (z,do) (j,0) (A:, 5) 

Fijid) do€Z+ 



Figure 1: Two strands with c)(i'niin)=0 and a strand with T){vmm)>0 



to them. By (j6.2p . no two consecutive vertices have the same first label and thus j^i- With T as 
in dnH), let 

|r|= Y.^iv)+ 5] 0(e) 

fSVer eeEdg 

be the degree of T. If e = {?;i,'L'2}€Edg is any edge in T, let Fg denote the single-edge graph with 
vertices vi and V2, which are ordered in the same way as in F and assigned values (/i(vi),0) and 
{^{v2),0), and with the edge assigned the value d{e) as in the original graph; see Figure [2J 

As described in [131 Section 7.3], the fixed locus Qr of Qq 2(1^"^^) |F|) corresponding to a decorated 
strand F consists of the stable quotients 

(C,yi,2/2,5cC"0Oc) 

over quasi-stable rational 2-marked curves that satisfy the following conditions. The components 
of C on which the corresponding quotient is torsion-free are rational and correspond to the edges 
of F; the restriction of S to any such component corresponds to a morphism to P"~i of the 
opposite degree to that of the subsheaf. Furthermore, if e = {ui, ^2} is an edge, the corresponding 
morphism /g is a degree-()(e) cover of the line 

passing through the fixed points P^[vi) ^-iid -P^(^2)' ramified only over Pf^(vi) Pp.{v2)- 
particular, /e is unique up to isomorphism. The remaining components of C are indexed by the 
vertices v G Ver with T>{v) G Z+. The restriction of S to such a component of C (or possibly a 
connected union of irreducible components) is a subsheaf of the trivial subsheaf Pfj,{y) cC"(8)Oc„ 
of degree —l){v); thus, the induced morphism takes to the fixed point P^{v) GF""^- Each such 
component Cy also carries two distinguished marked points, corresponding to the nodes and/or the 
marked points of C; if neither of the marked points of C lies on Cy, we denote the marked point 
corresponding to the node of Cy separating from the first marked point by 1 and the other 



12 12 




(*,0) (j,0) (j,0) (fc,0) 



Figure 2: The subgraphs corresponding to the edges of the last graph in Figure [TJ 
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marked point by 2. Thus, as stacks, 

Qr« n^o,2(ip°,f(^^)) X n^r. « n^o,2ic,(.)/Sc,(.) X n^re 

DGVer eGEdg ueVer egEdg 

i}{v)>0 i){v)>0 

I _ I (6.3) 

\ uGVer ^ / eeEdg 

i)(i;)>0 

with each cychc group Zg(g) acting triviahy. For example, in the case of the last diagram in Figuredl 

Qt ~ (A^O,2|do/S'io X AYo,2|5/S5)/ZdXZd' 

is a fixed locus in (5o,2(IP"~^) '^o+S+d+d'). 

If r is a decorated strand as above and eG Edg, let 

vTeiQr ^Qr. cQo,2(IP""\£'(e)) 
be the projection in the decomposition (16. 3p . Similarly, for each f € Ver such that >0, let 

TTt,: Qt — > -^o,2|£)(D)/St)(D) 
be the corresponding projection. If e = {vi, ^2} S Edg with vi <V2, let 

By % Section 27.2], 

" Me) « = 1,2. (6.4) 

For each v £ Ver — {fmin}j let e_(w) = {v-,v} € Edg denote the edge with v- < v; for each 
V G Ver — {fmaxji let e+(f ) = {f , v+j G Edg denote the edge with v < v^. By [T31 Section 7.4], the 
euler class of the normal bundle of Qr in (5o,2(IP'" ""^j 1^1) described by 

a(i))=o o(v)>o o(d)>o 

where C C H^{f*TF" ®0{—yi)) denotes the trivial T-representation. The terms on the first line 
correspond to the deformations of the sheaf without changing the domain, while the terms on the 
second line correspond to the deformations of the domain. By (11. 2p and (14. 7p . 



e{VS%^= n<^(K;o(.)K{^)))- U«^''!^'')- (6-6) 



vGVer eGEdg 
a(t))>0 
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By [9', Section 27.2], 



[ ^ e{V^ = Ve = {t;i,t;2} with7;i<7;2, (6.7) 

jQ^^e{H0{f*T¥^^Oi-yi))/C) 11,2/ v ; 



where C|^|^^|(5(e)) is as given by (I5.6p . 
Proposition 16.11 is proved by applying the locahzation theorem to 

where (pi is the equivariant Poincare dual of the fixed point Pi €P"^^; see (j3.4p . Since (pilp^ =0 
unless j = i, a decorated strand as in ()6.ip contributes to (j6.8p only if the first marked point is 
attached to a vertex labeled i, i.e. /u(fmin) = « for the smallest element Vmin G Ver. We show that, 
just as for Givental's J-function, the (d, j)-summand in (j5.4p . i.e. 

2n;a{aj, {aj-ai)/d, q) , 

is the sum over all strands such that n{vmm) = i, i-e. the first marked point is mapped to the 
fixed point Pi gP"~^, v^am is a bivalent vertex, i.e. c)(z;min) = 0, the only edge leaving this vertex 
is labeled d, and the other vertex of this edge is labeled j. We also show that the first sum on 
the right-hand side of (15. 4p is 1 (for the degree term) plus the sum over all strands such that 
Ai(^^min) = ^ and d{vmin)>0- 

If r is a decorated strand with /i(vmin) = ^ as above. 



ev 



= Hia^-ak) = e(r^(,^^^)P"-i). (6.9) 



Suppose in addition that 5(fmin) = 0. Let vi = (?;min)+ be the immediate successor of t^min in P and 
vi} be the edge leaving Vmin- If |Edg| > 1 or t)(ui) > (i.e. P is not as in the first diagram 
in Figure [1]) , we break P at vi into two "sub-strands" : 

(i) Pi = Pei consisting of the vertices Vmin<'i'i, the edge {I'mim ^^i}, and the i)-value of at both 
vertices; 

(ii) P2 consisting all vertices and edges of P, other than the vertex Vmm and the edge {vmm,vi}; 
see Figure [3l By (|6.3p , 

Qr ~ Qfi X Qr2- 

Let 7ri,7r2: Qr — > Qti-,Qt2 be the two component projection maps. By ()6.6p and ()6.5p . 

e(vS'^)lQ,=-i*e(vS^'Vvr^e(vSir^l)), 

e{MQv) J e(A/'QrJ \ J e(A/-QrJ 



1) 
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12 1 2 




Figure 3: The two sub-strands of the second strand in Figure [TJ 



Combining this with ()6.4p . ()6.7p . and (j6.9p . we find that 



.|r| 



e(vSI^)evt^ 



Qr 



^-■01 



1 



Qre(A^gr) 



0(ei) \ 2 



(6.10) 



By ()6.8p with i replaced by j and the locahzation formula ()3.8p . the sum of the factors over all 
possibilities for with Fi held fixed is 

^{c^fiivi), {afi{vi)-Oii)/'^(.ei),q) - 1. 

On the other hand, the contribution of the graph Fj^(^j)(c)(ei)) as in the first diagram in Figured] 
is precisely the first factor on the right-hand side of (|6.1Up . Thus, the contribution to (|6.8p from 
all strands F such that fi{vi)=j and d{ei) = d is 



d 

i.e. the (d, j)-summand in the recursion ()5.4p for 2^n;a- 

Suppose next that F is a strand such that fi{v) = i and c)(vmm) > 0. If |Ver j > 1 (i.e. F is not as in 
the first diagram in Figure [1| , we break F at Vmin into two "sub-strands" : 

(i) Fq consisting of the vertex {timin} only, with the same ^ and t)-values as in F; 

(ii) Fc consisting all vertices and edges of F, but with the t)-value of Vmin replaced by 0; 
see Figure H By (fOj) . 

Qr ~ Qfo X Qr, = (Mo^2\Hv^i^)/^Hv^,^)) x Qr,; (6.11) 

if |Ver| = 1, this decomposition holds with Qy^ = {pt} and ti(fmin) = |F|. Let ttojTTc be the two 
component projection maps in ()6.1ip . Since 

T acts trivially on 7Wo,2lo(t,^in), 
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{i,do) («,0) (j,0) (fc,5) 



Figure 4: The two sub-strands of the last strand in Figure [TJ 



i.e. T acts trivial on the universal cotangent line bundle for the first marked point on A1o,2|o(timin)' 
and the dimension of A^o,2|a(t;^i„) is t'(t'mm)-l, 



^ i)(l'min)-l 



r=0 



Since |c)(umin)i < |r| and F contributes to the coefficient of g'^' in (j6.8p . it follows that Z„;a satis- 
fies dsiH) with -F = Z„;a, Ci{d) = €{{d), Nd = d, Zl{d) = for reZ+, and Zf{d) = 6od. In particular, 
Z„;a is (^-recursive. 

It remains to verify the last identity in Proposition 16.11 We continue with the notation as in the 
previous paragraph. If |Ver| = l, the second factor in (j6.1ip is trivial; in this case, (|6.6p and (j6.5p 
immediately give 



Qre{NQr) ^ (|F|)! J^,^^^^^, U e{V'{ai-ak)) ' 



Suppose next that |Ver| > 1. By (j6.6p and (|6.5p . 



where ei is the edge leaving Vmin- Combining this with (|6.9p . we find that 



in ^ e(vgri))evI0. 1 ^ "^Y-'n-ir^^) (t^ f <KAMmi^2 



x(_i)''+i,ir.l f 



-(fc+i)e(Vn^;'I"'-')ev^(?!), 



e(A/'Qr 



where do = c)(?7min) = |Fo|. 



We now sum up the last factor above over all possibilities for Fc with |Fc| >0 by decomposing Fc 
into sub-strands Fi =Tij{d), for some j G [n]—i and ciGZ+, and F2, as in the case c)(vmm) = above. 
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If FcT^Fi, similarly to (j6.10p we obtain 

.|r2|J 



X 



h= 



The sum of the last factor above over all possibilities for including the empty case when this 
factor is taken to be 1 for the equality to hold, with Fi held fixed, is 

^ (a;,(t,i ) , (a^(t,i ) - Oj) / 1) (ei ) , , 

as before. Comparing this with the recursion (I5.4p for 2^-^, we conclude 



li{vi)=j,X){ei)=d 

Thus, by the recursion (15. 4|) and the Residue Theorem on S"^, 

/(ird)^ 



ir.l /■ -(5+i) e(vgr-V!0. ^_ J;,-(m)^(^^^;,^g)| 



rc,|rc|>o 



Combining this with (I6.12|) . we conclude that 



r,i)(i;niin)>0 



e(vjiri))ev^ 



1 



Qre(AfQr) 



This concludes the proof of Proposition 16.11 

In the case of products of projective spaces and concavex sheaves p.7p . we need analogues of (j4.6 
and (14. 7p for every pair of tuples 

d={di,...,dp) e (Z^Y-O, /3 = (/3i,...,/3p)€/7|. 
Thus, we define sheaves Sf, . . . ,S* over the universal curve U — ?'A^o,2||d| by 

^1 =0^(0-1 + . . S2=Ouicrdi+i + - ■ • + 0-^1+^2)) ■ ■ ■ — ^ ^ 

and denote by S*{f3i), with i = l, . . . ,p, the sheaves such that 

e{S*{(3i)) = (3iXl + lxe{S*) e H^(U) = H*(U). 
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Similarly to (fiTT]) . let 

afe;i>0 
afe.i<0 

The fixed points of the T-action on P"i^i x . . . xP"=^^ are 

Pi\...ip = Pi\ X ... X Pi^ , ig G [^3]] 

thus, the function fi on vertices now takes values in the tuples (ii, . . . ,ip). The function d on 
vertices now takes values in {Z-^y, with the space ■Mo,2\o{v) /^(){v) above replaced by 

■^0,2|Oi(»;)+...+Bp(D)/Soi{»;) X • • -X^dpiv), 

in light of (12. 7p . The T- fixed curves are the lines between the points Pi-i^...ip and Pji...jp such that 

\{s€[p]: is^js}\ = 1; 

thus, the vertices of any edge now differ by precisely one of the indices {ii, . . . ,ip), with the w-classes 
in (j6.4p described by the difference in the weights of this index. The strands with t>(wmin) = now 
give rise to a triple sum, with the summation index s G [p] on the outer sum indicating which of the 
indices (ii, . . . , ip) changes. The computation of the contribution from the strands with c)(f mm) > 
proceeds exactly as above, but the denominator in the integrand for A^o,2|do above is replaced by 
the product of factors corresponding to each of the p factors. This results in a similar formula for 
the secondary coefficients ^f^ . j^ in (15. 4p : 

00 di dp |d|+r 

Y^zuM^,...,dp)^^...^= Ir^E 

{di,...,dp)e{Z>0)-0 dG(Z>o)~0 ^' 6=0 

/_ — \d\i—^Zn,^{ai,,...,ai^,h,qi,...,qp)'>\, 

S=l ky^ig 

whenever rGZ~ and isG[ns], if esG(Z"^)^ is the s-th coordinated vector. 



7 Polynomiality for stable quotients 

In this section, we adopt the argument in [9, Section 30.2], showing that the equivariant version 
of Givental's J-function satisfies the self-polynomiality condition of Definition 15.21 to show that 
the equivariant stable quotients analogue of Givental's J-function, the power series -Zn;a defined 
by (|4.ip . also satisfies the self-polynomiality condition. Proposition lT.ll is an immediate consequence 
of Lemma 17.21 below, which provides a geometric description of the power series -2^n;a- 

Proposition 7.1. // I G Z-^, n E Z+, and a G the power series Zn;a{-K,h,q) satisfies the 

self-polynomiality condition. 
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The proof involves applying the classical localization theorem p] with (n+l)-torus 

T = C* X T, 

where T = (C*)" as before. We denote the weight of the standard action of the one-torus C* on C 
by h. Thus, by Section O 

H*c,^q[h], H^^Q[h,ai,...,an] =^ n*^^Qa{h). 

Throughout this section, V = C(BC denotes the representation of C* with the weights and —h. 
The induced action on ¥V has two fixed points: 

'71 = [1,0], 92 = [0,1]. 

With 71 — >¥V denoting the tautological line bundle, 

e(7i*)|,, = 0, e{^*)\^^ = -h, e{T,,FV) = h, e{T,,FV) = -h; (7.1) 

this follows from our definition of the weights in Section [3l 

For each d^lj-^, the action of T on C^^Sym'^y* induces an action on 

Xrf = P(C"0SymV*). 

It has (d+l)n fixed points: 

Piir)= [Pi O n'^-^t;'^] , i G [n] , r G {0} U [d] , 

if (u, v) are the standard coordinates on V and Pi G C" is the i-th coordinate vector (so that 
[p.] = p.eP"-i). Let _ 

^ e(7*) G F|(Xd) 

denote the equivariant hyperplane class. 
For ah zG [n] and r G {0}U[(i], 

^\Piir) = oii + rh, 

Since 

BXd = P(fi(C"®Sym'^y*)) BT and 

s=dk=n _ 

c(i?(C"®SymV*)) = n 11(1 - {ak + sh)) G H*{BT)n 

s=0 k=l 

^The weight (i.e. negative first chern class) of the T-action on the hne Pi{r) cC"®Sym'*V* is at+rh. The tangent 
bundle of Xd at Pi{r) is the direct sum of the lines Pi(r)*(g)Pfe(s) with (fc, s) / (i, r). 



s=d k=n 



e(rp^(,)Xd) = < n n i^-ak-sh) 



(7.2) 



. s=OA;=l 
(s,fc)^(r,i) 



i+rh 
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the T-equivariant cohomology of Xd is given by 

s=d k=n 

Ht{Xd) = H*{BXd) = H*{BT) {ak + sh)) 

s=0 k=l 
s=d k=n 

^q_[n,h,ai,...,an]/j{J{ {n-ak-sh) 

s=0 k=l 

s=d k=n 

cQa[n,n]/llll{n-as-sh). 

s=0 k=l 

In particular, every element of H^{X(i) is a polynomial in Q with coefficients in Qa[/i] of degree at 
most (d+l)n—l. 

By \10\ Lemma 2.6], there is a natural T-equivariant morphism 

G:Mo,™(PyxP"-i,(l,d)) ^Xd. 

A general element of b of 9Ko,m(lP^xP"^^, determines a morphism 

(/,5):Fi (Py,P"-i), 

up to an automorphism of the domain P^. Thus, the morphism 

gof-^:FV — ^P"^^ 

is well-defined and determines an element 0(6) gX^. Let 

= { 6 G Mo,2 (PT/ X P"-\ ( 1 , d)) : evi (6) G gi X P"- 1 , ev2 (6) G 52 X F"-^ } , 
X'a = {b'e Qo,2 {^Vxr'-\{l,d)): evi (6') G gi x P""! , ev2 (6') G ^2 x P^-^ } . (7.3) 

Since the morphism to P^ corresponding to any element of b' G X'^ takes the two marked points to 
qi and q2, it is not constant. Thus, the restriction of the morphism Q to Xd is constant along the 
fibers of the natural surjective morphism c: Xd — ^^J^lfl If follows that the restriction of to Xd 
descends via c to a morphism 

U — Od- J^d ^ -^d- 

For d>0, there is also a natural forgetful morphism 

F : Qo,2 i^V X P"-\ (1, d)) ^ Qo,2 , 

which drops the first sheaf in the pair and contracts one component of the domain if necessary. In 
the case d=0, we set 

F*e{vi%) = (a)evl(lxx^(-)) G H* {Qo^^{FV xF''-\ {1,0))); 

^The vector space C"®Sym''y* is the direct sum of the one-dimensional representations Pk{s) of T. 

*For a stable map b, 0(b) depends only on the restriction of b to the irreducible component Cb^i of its domain Cb 
on which the degree of the map to is not zero, the nodes of Cf,;i, and the degrees of the restrictions of b to the 
connected components of Ct — Cb-.i- In contrast, c{b) depends on the restriction of 6 to the minimal connected union 
(chain) of irreducible components C'b of its domain which contains the two marked points, the nodes of Cj, and the 
degrees of the restrictions of b to the connected components of Cb—C'b- Whenever 6 £ Xd, Cb;i C Cj. Thus, the 
restriction of to Xd contracts everything that the restriction of c contracts. 
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this is used in Lemma 17.21 below. 
Similarly to (jl.2p . for each d€Z"^ let 

VS = e ^ Qo2(IP""^'^)• 

afe>0 afc<0 

From the usual short exact sequence for the restriction along ai, we find that 

e(vg) = (a)evtx^(-)e(vg) G (Qo,2(IP""\ ^^)) • (7-4) 
Lemma 7.2. IfleZ^^, n£Z+, andae{Z*y, then 

oo „ 

cl.2_(/i,z,g) = e(^*^)^F*e(v(°i) G C Q,[n] [[z, g]] . (7.5) 

We prove Lemma 17.21 in the remainder of this section by applying the localization theorem of [1] 
to the T-action on X^. We show that each fixed locus of the T-action on contributing to the 
right-hand side of (I7.5p corresponds to a pair (Fi, of decorated strands as in ()6.ip . with Fi and 
F2 contributing to Zn-a{cii,h,qe^^^) and Zn-a{o!i, —h,q), respectively, for some zG[n]. 

Similarly to Section[6l the fixed loci of the T-action on Qq 2(Py xP"^^, (d', d)) correspond to dec- 
orated strands F with 2 marked points at the opposite ends. The map D should now take values 
in pairs of nonnegative integers, indicating the degrees of the two subsheaves. The map fi should 
similarly take values in the pairs (1, j) and (2, j) with j G [n], indicating the fixed point, {qi,Pj) 
or {q2,Pj), to which the vertex is mapped. The //-values on consecutive vertices must differ by 
precisely one of the two components. 

The situation for the T-action on 

^dCQo,2(lP^xP"-\(l,d)) 

is simpler, however. There is a unique edge of positive PF-degree; we draw it as a thick line in 
Figure O The first component of the value of t) on all other edges and on all vertices must be 0; so 
we drop it. The first component of the value of // on the vertices changes only when the thick edge 
is crossed. Thus, we drop the first components of the vertex labels as well, with the convention 
that these components are 1 on the left side of the thick edge and 2 on the right. In particular, the 
vertices to the left of the thick edge (including the left endpoint) lie in qi xP""^ and the vertices 
to its right lie in g2xP"~^. Thus, by ()7.3p . the marked point 1 is attached to a vertex to the left of 
the thick edge and the marked point 2 is attached to a vertex to the right. Finally, the remaining, 
second component of fj, takes the same value i G [n] on the two vertices of the thick edge. 

Let Ai denote the set of strands as above so that the //-value on the two endpoints of the thick 
edge is labeled i; see Figure [5l We break each strand FG^j into three sub-strands: 

(i) Fi consisting of all vertices of F to the left of the thick edge, including its left vertex vi with 
its t)-value, but in the opposite order, and a new marked point attached to vi; 
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2 4 _ 6 

(1,4) (i,0) (z,2) (3,0) (1,3) 

Figure 5: A strand representing a fixed locus in X^; 3 

(ii) To consisting of tlie tliick edge cq, its two vertices vi and V2, with t)-values set to 0, and new 
marked points 1 and 2 attaclied to vi and V2, respectively; 

(iii) r2 consisting of all vertices to the right of the thick edge, including its right vertex V2 with 
its ti-value, and a new marked point attached to V2; 

see Figure [6l From (j6.3p . we then obtain a splitting of the fixed locus in corresponding to F: 
Qr ~ Qr, x Qro x Qr, C Qo,2(lP""\ |ri|) x Qo,2(.^V,l) x Qo,2(P"~', |r2|). (7.6) 

The exceptional cases are |ri| =0 and |r2| = 0; the above isomorphism then holds with the corre- 
sponding component replaced by a point. 



Let TTi, ttq, and 7r2 denote the three component projection maps in (j7.6|) . By ()7.4p . (j6.6p . and (|6.5p . 
e(A/-Qr) _ */e(AAQrJ\ J e{MQr,) \ . (7-7) 



Since Qro consists of a degree 1 map, by the last two identities in (j7.ip 

The morphism takes the locus Qr to a fixed point Pk{r) G X^. It is immediate that k = i. By 
continuity considerations, r = |ri|. Thus, by the first identity in (j7.2p . 

9*n\^ =ai + \ri\h. (7.9) 

Combining (j7.7p - (|7.9p . we obtain 

^|P| / e(^*^)-F-e(vfJ))|Q, _ (a)«f )e--- f^|r.|n.jr.| f ejvSI^^W, 



e{AfQr) n(«i-«fc) I Jqt, ^"V'l Qri e(A/'(3ri) 



1 



IP^I f e(vgr^l^)evt(/.. 



(7.10) 



1 



{-h)-^!! Qr^e{J\fQ 
2 1 

6 



(1,4) (i,0) (z,0) (z,0) (i,2) (3,0) (1,3) 

Fi Fo F2 

Figure 6: The three sub-strands of the strand in Figure [5] 
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This identity remains valid with |ri| = and/or |r2| = if we set the corresponding integral to 1. 

We now sum up (jT.lOp over all T £ Ai. This is the same as summing over all pairs (ri,r2) of 
decorated strands such that 

(1) Ti is a 2-pointed strand of degree di >0 such that the marked point 1 is attached to the 
vertex labeled i; 

(2) r2 is a 2-pointed strand of degree d2 >0 such that the marked point 1 is attached to the 
vertex labeled i. 



By the localization formula (I3.8p . 



Qn e(7VQri) 

lid). 



r2| 



1 



(7.11) 



1 , d / e(Vn^;l^)evJ(/>i , . 



d: 

Finally, by ([32]), (moD . and frm) . 

«=n , ^ £(a) 



as claimed in (17.51). 



In the case of products of projective spaces and concavex sheaves (|1.7|) . the spaces 
Qo,2(IP^xlP""^(l>f^)) and = P(C"«)Sym'^y*) 

are replaced by 

go,2(P1^xIP"'"^x - • •xF'"''"\ (l,*^!,- • • ,dp)) and P(C"i 0Sym'^iy*)x . . . xP(C"^ ^Sym'^py*) , 
respectively. Lemma 17.21 then becomes 

di,...,(ip>0 ''^di,...,dp 

The vertices of the thick edge in Figure [S] are now labeled by a tuple (zi, . . . , ip) with G [n^], as 
needed for the extension of (|5.5p described at the end of Section \5\ The relation (|7.9p becomes 

where [Fils is the sum of the s-th components of the values of d on the vertices and edges of Fi 
(corresponding to the degree of the maps to P"*~^). Otherwise, the proof is identical. 
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8 Proof of Theorems [3] and [H 



This section concludes the proof of Theorem [3] stated in Section |H Sections [SHT] reduce this theorem 
to conditions on the power series 3^n;a defined in (j4.2p : see Lemma [8T2l Based on qualitative, pri- 
marily algebraic, considerations, we show in the proof of Proposition [8]3] that this power series does 
indeed satisfy these conditions and thus establish Theorem [3l The only geometric considerations 
entering the proof of Proposition 18.31 concern moduli spaces of stable curves A^o,2|di i^ot moduli 
spaces of stable quotients Qq 2(IP"'~^5 c?)- We conclude this section by showing that these conditions 
on 3^n;a determine certain integrals on A^o,2|(i finish the proof of Theorem H] stated in Section|H 

Corollary 8.1. LetleZ^^, nGZ+ andae{Z*y. If\a\<n-2, 

^„;a(x, h, q) = 3^„;a(x, h, q) G (P"-l) [ [h-\ q] ] . 

Proof. Both sides of this identity are C-recursive and satisfy the self-polynomiality condition (no 
matter what n and a are) ; see Lemma 15.41 and Propositions 16.11 and 17.11 It is immediate from ()4.2p 
that 

3^„;a(x, h,q) = 1 mod h^"^ , 
whenever |a|<n — 2. If in addition (iEZ+, 

dimQo,2(IP""Srf) -rkvjl^ = (n- |a|)d + (n-2) > n-1 = dimP"~\ 

Thus, 

Z„;a(x, h,q) = l mod h~'^ , 
whenever |a| <n — 2. The claim now follows from Proposition 15.31 □ 

Lemma 8.2. IfleZ^^, nGZ+, andae{Z*y are such that |a|<n, then 

^"^^^"'^''^ = ^lUq)'^ ^ (^KP-^)) (8.1) 

if and only if 

m^{h''yn.,^{a^,h,q)} 

S ll4o,,ne(V(,(a.-«.))j£oiw^-(-'^'^) 



for all i G [n] and r G Z 



>0 



Proof. Since both sides of (jS.ip are C-recursive (see Lemma 15.41 and Proposition 16. ip and have the 
same ^'^-coefficients, (18. ip holds if and only if the secondary coefficients yi{d) and Z^{d) (instead 
of Fl{d)) in the recursions (|5.4p for yn-a and Zn-^ are the same. Since Proposition 16.11 describes 
the coefficients Zl{d) recursively on d, (jS.ip holds if and only if the coefficients 3^^ (^) satisfy the 
same description. By Lemma [5. 41 and Proposition 16. H this is the case if and only if (j8.2p holds. □ 
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Proposition 8.3. Ifle'L-'^, nGZ+, andae{I.*y, then 



^Q'^'s^'ff f <y.-M)Wi^l , . S\ (8.3) 



d=\ 6=0 



/or all i G [n] and r G Z-*^. 

Proof. (1) Whenever d G Z+ and s G [d], where [d] = {1, . . . , d} as before, let 

d 

t=s+l 

with = Aj^^^}. as in (|2.9|) . For each >0, sG [d], and r G [ak], there is a short exact sequence 

^ t=s+l ^ ^ t=s+l ^ 

VV t=s+i ^ ""ii^ 

This and the second statement of Corollary 12.51 give 



d flfe 



aud aud 



(8.4) 



(1 + ariA,)'"^ G 0q H{M 



Q,2\d) 



s=l 



For each <0, s G [d], and r = — a^ + l, —0^ + 2, . . . , 0, there is a short exact sequence 

d XX / d 



— ^ i?°7r*0( ( m, 



+ ^ OkCTt - (Ti j j ^ B}tT^O { (r- l)(7s + ^ OkCTt - (Ti j 

— > R^TT^O i rds + ^ a^at - ai j — > 0. 
^ t=s+l ^ 



This and the second statement of Corollary 12.51 give 

d —a^—\ 

afc<0 =^ e(V^^.rf(ai)) = (afcOj - rV^^ + OfcA^) 

s=l r=0 



(8.5) 
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Similarly to (USD, 

d 

e{V[.d{a^-ak)) = {ai-akfJ[{l + {a,-akr^/\s) ^ H(Mo,2\d)- (8.6) 

s=l 

(2) We denote by si,S2,... the elementary symmetric polynomials in /3i,/32,... (for any given 
number of formal variables Pi). For any deZ"'", let 

VUd) = {J = {Ji,...,Js}: JtC[d], \Jt\>2, Jt,nJt,=0 Vti/t2} 

be the collection of disjoint subsets of {!,..., (i} of cardinality at least 2 (including the empty 
collection) . For each J G P| (d) , let 

By the first statement of Corollarv 12. 5| there exist polynomials Tid^j, dependent only on d € Z+ 
and JG^Kfi), but not on n, such that 

a ^ = ^d,j(5i,---,5d-i)Aj GQ[/3i,...,/3„-i]®Q^*(ATo,2|d).[!l 

n n(i+/5fcA.) JGPiw 

s=l k=l 

Thus, there exists a polynomial V.^^^, independent of n, such that 

n {l+yAsp Vii^l 

^=V^n = ^^(2/' • • • ' "'^-i) e Q[2/, /3i, . . . , /3n-i]. (8.7) 

n n (i+/3fcA,) 

s=l k=l 

Similarly, for any d, d' there exists a polynomial 3^a;d,d') independent of n, such that 

n m-^+ry-'h) n n (i-^-y-^^) 

afc>OT-=l afc<0 r=0 

d n— 1 

d! n n (i+^/?fc 

J_ r=l fc=l 

(3) By g2]) and ([83]) -(ESI), (USD is equivalent to 

di — 1— r 

y8i;d,d-l~r{y,Sl,S2,...) = ^ ^ "H^fdi (^^ > ^2, . . .)3^a;d2,<i2+b(y, •Si , ^2, . . .) V(iGZ+; (8.9) 

di+d2=d 6=0 
cZi>l 

this is obtained by taking the coefficients of q'^ of the two sides of ()8.3p . factoring out 

n (a^'ar') n (ar'='«-'^'='^) 

afc>0 afe<0 

n(ai-afc)'' 

^Whatever polynomials work for n>d work for all n; this can be seen by setting the extra fik's to 0. 




= ya;d,d'{y,Si,...,Sd'). (8.8) 
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replacing a^^ by y and {(aj — a^)"^ : k^i} by {/3i, . . . ,f3n-i}- By Lemma [8^ and Corollary 18. H 
(|8.9p holds whenever |a| <n—2. Since ()8.9p does not involve n, it holds for all a. Thus, ()8.3p holds 
for all pairs (n, a). □ 

In the case of products of projective spaces and concavex sheaves (|1.7p . Oi and q in (|8.2p and (j8.3p 
are replaced by (ajj , . . . , aj^) with ig £ [ug] and (gi, . . . , qp) with the right-hand sides modified as 
in (I6.13P . In the proof of Proposition 18.3^ we then obtain relations between elementary symmetric 
polynomials in 

{ai;i, . . . ,ai;„i}, ... ,{ap-i, ■ ■ ■ ,ap-np} 

that depend on a, but not on ni, . . . ,np. They again hold if |a| <ni-|-. . .+np — 2 and thus in all 
cases. 

Proof of Theorem^ For each d^I^^, denote by D-^j^.^ C A^o,2|d the divisor whose general element 
is a two-component rational curve, with one of the components carrying the marked point 1 and 
the fleck 1 and the other component carrying the marked point 2. Since the second component 
must then carry at least one of the remaining flecks, there is a birational isomorphism 

^11-2- U ^o.sK'^-l^l) ^^o,2||/|- (8.10) 

0^/C{2,...,4 

If '/ri,7r2 are the two component projection maps, 

'-^11;2 

<KAmM,,,,_,,.M,,,, ^^^^^^^ 

On the other hand, by the first identity in ()2.1ip and induction on d, 

V'2 = ^ii;2 e H\Mo,2\d)- (8.12) 

By (l8lnD - (l8l2]) . 

)) 

(8.13) 



Mo,2\a ne(V(.^(ai-afc)) Jd^.^ 11 e(V;.^(ai-afc)) 



di+d2=d 



d-i\( [ <y.■,dS^^Wl \l f ^Kd^MM'-' 



di-'^J \Jmo,21,, U^iK.dii'^i-^k)) J \Jmo,2w, ne(V;.^^(ai-afc))_ 

kj^i k^i 



whenever 62 G^^- For any 61,62 £ Z-*^, let 

~ f e(V;,(a.))V?Vr'^ 
d\ I— 

d=l 



^ JMo,2ia n e(V(.^(ai-afc)) 

By 



11) 



-^61,62(9) = -^6i,o('?)--^o,62-i('?) V62GZ+, (8.14) 
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where T' = q-^J^- By induction on b2, this gives 
Combining this with ()8.14p and using symmetry, we obtain 



Thus, the r = case of (|8.3p is equivalent to 

f -^o,o{'?) 1 

By [161 Section 2.1], this relation determines ^0,0(9) ^'ZQaiM] uniquely. Thus, by [181 Remark 4.5], 
•^0,0(^7) = ^n;a(ai; 9)- It follows that (|8.15p is equivalent to the identity in Theorem HI □ 

Remark 8.4. By (j8.15p . for any r* G Z-^ the set of equations ()8.3p with r = 0, 1, . . . ,r* is an 
invertible linear combination of the set of relations 

Sor"" ^3^n;a(ai,/i,g)[ =0 r = 0, 1, . . . , r* . 

Thus, by (|8.15p . the statement of Proposition [8]3] is equivalent to the condition that the coefficients 
of the power series 

e--^o-«('')/''X;a(ai,?i,(7) GQa(?i)[[g]] 
are regular at ^ = 0. This is indeed the case for J^o,o{q) = S,n;8L{oiu q) by [IHl Remark 4.5]. 

Remark 8.5. The above approach can be used to eliminate V'-classes from twisted integrals over 
Mo^m\d with m>3. For example, let 

bijb2ib3 



Using ^p3 = Dl2]3 on A^o,3|d) we find that 



(ai-ak)) 



(q) = y^biMfiil) • -^0,63-1(9) =^ ^bMM = ' , ',, ,, , -^o,o,o(g)- 

0i!O2!O3! 

Multiplying the last equation by /ij^^^^^/i2 ^^^^/ig"^^^^ and summing over 61, 62, 63 >0, we obtain 

00 



q' f e(V;,(a.)) 
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